We investigate structural properties of planar graphs without triangles or without 4-cycles, and show that every triangle-free planar graph G is edge-( (G) + 1)-choosable and that every planar graph with (G) = 5 and without 4-cycles is also edge-( (G) + 1)-choosable.
Introduction
All graphs considered in this paper are ÿnite, loopless and without multiple edges. Let G be a plane graph. V (G), E(G) and F(G) shall denote the set of vertices, edges and faces of G, respectively. We say two vertices u and v are adjacent if there is an edge in G joining them; the edge is denoted by uv ∈ E(G). NG(v) (or N (v)) denotes the set of vertices adjacent to v in G. The degree of v, written as dG(v), or simply d (v) , is the number of vertices in NG(v). We denote by (G) and (G) the minimum and maximum degrees of vertices of G, respectively. For a face f ∈ F(G), let V (f) be the set of vertices on the boundary of f. The degree of f, denoted by (f), means the number of edges on the boundary of f, where each cut-edge is counted twice. A face f is called simple if the boundary of f is a cycle. We say v is incident with f, or f is incident with v if v ∈ V (f). A vertex v is called a k-vertex (or k + -vertex) if d(v) = k (or d(v) ¿ k). We deÿne k-face and k + -face similarly. Obviously, each k-face for 3 6 k 6 5 is a simple face when (G) ¿ 2. A triangle of a graph G is synonymous with a cycle of length 3. Let T (v) and Q(v) denote the set of 3-and 4-faces that are incident with the vertex v, respectively.
An edge-k-coloring of G is a mapping from E(G) to the set of colors {1; 2; : : : ; k} such that (x) = (y) for any adjacent edges x and y of G. The graph is edge-k-colorable if it has an edge-k-coloring. The chromatic index (G) is the smallest integer k such that G is edge-k-colorable. The mapping L is said to be an edge assignment for a graph G if it assigns a list L(e) of possible colors to each edge e of G. If G has some edge-k-coloring such that (e) ∈ L(e) for all edges e, then we say that G is edge-L-colorable or is an edge-L-coloring of G. We call G is edge-k-choosable if it is edge-L-colorable for every edge assignment L satisfying |L(e)| ¿ k for all edges e. The list chromatic index l (G) of G is the smallest integer k such that G is edge-k-choosable.
The following conjecture is well-known on edge choosability.
This conjecture has been proved for a few special cases, such as bipartite multigraphs [3] , complete graphs of odd order [4] , multicircuits [11] , line-perfect multigraphs [8] , and planar graphs with (G) ¿ 12 [2] . Vizing (see [7] ) proposed a weaker conjecture as following.
An earlier result of Harris [5] shows that l (G) 6 2 (G) − 2 if G is a graph with (G) ¿ 3. This implies Conjecture 1.2 for the case (G) = 3. Juvan et al. [6] settled the case of (G) = 4. For some special cases such as complete graphs [4] , graphs with girth at least 8 (G)(ln (G) + 1:1) [7] , and planar graphs with (G) ¿ 9 [1] , Conjecture 1.2 has also been conÿrmed. Wang and Lih [9] proved the conjecture for every planar graph G with (G) = 5 and without 6-cycles. Also, in [10] the same authors proved that every planar graph G without 5-cycles is edge-( (G) + 1)-choosable. In this paper, we will show that Conjecture 1.2 holds for triangle-free planar graphs, and planar graphs with (G) = 5 and without 4-cycles.
Structure of plane graphs without some small cycles
First, we give some additional symbols and concepts that will be used later. Let G be a plane graph. Deÿne a weight function w on elements of
and the handshaking lemmas for vertices and faces for a plane graph, we have
We call w the normal weight. In the proofs of Lemmata 2.1-2.3 below, we will obtain another weight function w by transferring the normal weights of vertices to their incident faces. For v ∈ V (G) and f ∈ F(G), let z(v; f) be the amount of weights that transferred from v to f. Proof. Suppose G is a triangle-free plane graph such that (G) ¿ 5 and d(x)+d(y) ¿ (G)+3 for every edge xy ∈ E(G). It follows that (G) ¿ 3, and for any edge uv ∈ E(G), if d(u) = 3, then d(v) = (G). Let w be the normal weight of G. Then w(v) ¿ 0 for any vertex v and w(f) ¿ 0 for any 6 + -face f. We obtain the new weight function w according to the following rule.
Rule. Transfer w(v)=d(v) from each vertex v to every face f incident with v.
Thus w (v) ¿ 0 for each vertex v ∈ V (G) and for a simple face f, w (f) = w(f) + v∈V (f) w(v)=d(v). Since we discharge weights from one element to another, the sum of total weights is kept ÿxed during the discharging. Thus
This implies that f * is incident with some 3-vertices. Let v1 ∈ V (f * ) be a 3-vertex, and v2 and v3 be the two vertices in N (v1) ∩ V (f * ). As we have seen before, v2 and v3 are (G)-vertices. Thus we shall conclude that f * must be a 4-face incident with two 3-vertices and two 5-vertices simply by checking that w (f * ) ¿ 0 if f * satisÿes any of following cases:
, we have z(vi; f * ) ¿ 1 for i = 2; 3, and hence Proof. Suppose there is a plane graph G without 4-cycles such that (G) ¿ 6 and d(x) + d(y) ¿ (G) + 3 for each edge xy ∈ E(G). Then, (G) ¿ 3 and if one end vertex of an edge has degree 3, then the other must have the maximum degree (G). Let w be the normal weight of G. We obtain a new weight function w by discharging some weights from vertices of G to its incident faces. It is done by the following rule.
Rule. From each 4
+ -vertex, transfer 1 3 to each of its incident 5-faces, and then divide the remaining weights to its incident 3-faces.
Since we discharge weights from one element to another, the sum of total weights is kept ÿxed during the discharging, thus x∈V (G)∪F(G) w (x) = −12. On the other hand, we will get a contradiction by showing that w (x) ¿ 0 for any x ∈ V (G) ∪ F(G). By the discharging rule, it is easy to see that w (x) ¿ 0 for any vertex and 6 + -face. Let f be a face with (f) ∈ {3; 5}. We consider the following cases. From Fig. 1 , we can see that the result of Lemma 2.2 does not hold for the case of (G) = 5. In fact, it is a graph with (G) = 5 and without 4-cycles such that d(x) + d(y) ¿ 8 for any edge xy ∈ E(G).
However, we can prove the following result.
Proof. Suppose there is a plane graph G with (G) = 5 and without 4-cycles such that d(x) + d(y) ¿ 9 for each edge xy ∈ E(G), then (G) ¿ 4. Let w be the normal weight of G. We will obtain a new weight w by discharging some weights from vertices of G to their incident faces.
Rule. Transfer 1 from every vertex to each of its incident 3-faces and then divide the remaining weights to its incident 5-faces.
Next, we will check that w (x) ¿ 0 for any element x ∈ V (G) ∪ F(G). Note that w(v) ¿ 2 and |T (v)| 6 2 for every v ∈ V (G) since 4 6 d(v) 6 5 and no two triangles share with one common edge. This implies w (v) ¿ 0 for each v ∈ V (G). It is obvious that w (f) = w(f) ¿ 0 for a 6 + -face f, and w (f) = 0 for a 3-face f. Now let f be a 5-face. Since d(x) + d(y) ¿ 9 for every edge xy ∈ E(G), no two 4-vertices are adjacent in G. Hence there are at least three 5-vertices in V (f), and we have w (f) ¿ w(f) + 3 × Proof. It is immediate from Lemma 2.1.
Application to edge choosability of graphs
We will use the following results in the proofs of Theorems 3.1 and 3.2. Let G be a connected graph (not necessarily planar). It is well-known that G is edge-( (G) + 1)-choosable for (G) 6 2 and in particular is edge-2-choosable if G is an even cycle. From the results of [5, 6] , G is edge-( (G) + 1)-choosable if (G) = 3 or 4. Proof. We only need to prove the theorem for (G) ¿ 5. By induction on |E(G)|. The theorem holds trivially for graphs G with |E(G)| 6 3. Let L be an edge assignment of G such that |L(e)| = (G) + 1 for each e ∈ E(G). If there exists an edge xy ∈ E(G) such that d(x) + d(y) 6 (G) + 2, then G − xy has an edge-L-coloring . We can color xy with some color from L(xy) that was not used by on the edges adjacent to xy. So now we assume that d(x)+d(y) ¿ (G)+3 for each edge xy ∈ E(G). This implies that G contains a 4-cycle C incident with two 3-vertices and two 5-vertices by Lemma 2.1. Since no two 3-vertices are adjacent in G, let C =v1v2v3v4v1 be a 4-cycle of G with
|e ∈ E(G ) is incident with vi or vi+1}, where i = 1; 2; 3; 4 and i + 1 is taken modulo 4. Thus |L * (vivi+1)| ¿ 2 for all vivi+1 ∈ E(C), and then the 4-cycle C admits an edge-list coloring with edge assignment L * . We obtain an edge-list coloring of G with edge assignment L. Proof. We proceed by induction on |E(G)|. The result is trivial for graphs G with |E(G)| 6 3. Now we assume that G is a plane graph without 4-cycles and (G) ¿ 5. Let L be an edge assignment of G such that |L(e)| = t for each e ∈ E(G) (i.e. t = 7 if (G) = 5, otherwise t = (G) + 1). First, suppose (G) = 5. By Lemma 2.3, there is an edge xy ∈ E(G) such that d(x) + d(y) 6 8. The induction hypothesis implies that G − xy has an edge-L-coloring . Since xy is adjacent to at most 6 edges in G and |L(xy)| = 7, we can color xy with some color from L(xy) that was not used by on the edges adjacent to xy. Now, suppose (G) ¿ 6. By Lemma 2.2, there exists an edge xy ∈ E(G) such that d(x) + d(y) 6 (G) + 2. Also, G − xy has an edge-L-coloring . We can color xy with some color from L(xy) that was not used by on the edges adjacent to xy.
It seems that the method of discharging weights does not work for proofs of edge choosability for planar graphs without cycles of length 4, or 6 when (G) = 5.
